Abstract. Let X be a nonsingular complex algebraic curve and let Y be a nonsingular rational complex algebraic surface. Given a compact subset K of X, every holomorphic map from a neighborhood of K in X into Y can be approximated by rational maps from X into Y having no poles in K. If Y is a nonsingular projective complex surface with the first Betti number nonzero, then such an approximation is impossible.
and, only loosely related, theorems on approximation of holomorphic maps by Nash maps [2, 6] .
In the present paper we prove the following.
Theorem 1.1. Let X be a nonsingular algebraic curve and let Y be a nonsingular rational algebraic surface. Given a compact subset K of X, every holomorphic map from K into Y can be approximated by rational maps from X into Y .
Recall that an algebraic surface is said to be rational if it is birationally equivalent to C 2 , that is, if it contains a nonempty Zariski open subvariety isomorphic to a Zariski open subvariety of C 2 ; cf. [1] for the theory and examples of rational algebraic surfaces.
Clearly, if X = C and Y = C 2 , Theorem 1.1 is equivalent to the classical Runge approximation theorem.
If Y is projective, then every rational map from X into Y is automatically regular and therefore Theorem 1.1 implies the following.
Corollary 1.2. Let X be a nonsingular algebraic curve and let Y be a nonsingular projective rational surface. Given an open subset U of X, every holomorphic map from U into Y can be approximated by regular maps from X into Y .
We do not know to what extent the assumption of rationality of Y can be relaxed. Our next result shows that it cannot be relaxed too much. 
Proofs.
As usual, P n will denote the complex projective n-space. The unit disc in C will be denoted by D,
and the unit ball in C n by B n ,
We let π n : B n → B n denote the monoidal transformation of B n at 0,
where we regard P n−1 as the variety of 1-dimensional vector subspaces of C n . Given a holomorphic map f : M → N between complex analytic manifolds, a point x in M , and a nonnegative integer r, we denote by j r f (x) the r-jet of f at x. 
Proof. The conclusion readily follows from the construction of f , which we recall below for the convenience of the reader.
Choose a neighborhood V of y 0 in Y and a biholomorphic map ψ : V → B n such that ψ(y 0 ) = 0. There exists a biholomorphic map ψ :
and hence
Lemma 2.2. Let f : X → P n be a holomorphic map defined on a 1-dimensional complex analytic manifold X. If X has no compact connected component, then there exists a holomorphic map
Proof. Let γ n be the universal line bundle on P n . Recall that
is the total space of γ n . The pullback line bundle f * γ n on X is a holomorphic subbundle of the trivial vector bundle on X with total space X × C n+1 . Since X has no compact connected component, f * γ n is holomorphically trivial and hence there exists a holomorphic section u : X → f * γ n such that u(x) = 0 for all x in X (cf. [3, Theorem 30.3] ). Note that u is of the form u(x) = (x, F (x)) for all x in X, where F : X → C n+1 \ {0} is a holomorphic map. The conclusion follows.
Let X be a nonsingular algebraic curve. We say that a nonsingular algebraic variety Y has property (X) if for every holomorphic map f : Proof. Assume that Y has property (X). Let ϕ : U → Y be a holomorphic map defined on an open subset U of X, let N be a neighborhood of ϕ in C(U, Y ), let A be a finite subset of U , and let s be a nonnegative integer. We assume below that U has no compact connected component, since otherwise U = X, X is projective, and ϕ is a regular map.
Choose a compact subset K of U and a neighborhood
We assert that there exists a holomorphic map ψ :
for all a in A, and the set ψ −1 (π −1 (y 0 )) is finite. It suffices to prove this assertion for U connected and ϕ satisfying ϕ(U ) ⊆ π −1 (y 0 ), and therefore we assume that these conditions are satisfied. Choose a neighborhood M of y 0 in Y biholomorphic to B n , where n = dim Y . Then there exists a biholomorphic map σ : π −1 (M ) → B n with σ(π −1 (y 0 )) = {0} × P n−1 . By Lemma 2.2, there exists a holomorphic map Given a topological space T , a continuous function f : T → C, and a compact subset K of T , we set
Lemma 2.4. Let X be a nonsingular algebraic curve. Let f : U → C be a holomorphic function defined on an open subset U of X. Let K be a compact subset of U , let A be a finite subset of U , and let s be a nonnegative integer. Given ε > 0, there exists a rational function g : X → C, without poles on U , such that
Proof. If U = X and X is projective, then f is a constant function and the conclusion is obvious. Otherwise, by removing finitely many points from X \ U , we may assume that X is an affine algebraic curve and X \ U has no compact connected component. Then every holomorphic function on U can be uniformly approximated on compact subsets of U by holomorphic functions on X [3, Theorem 25.5], and hence also by regular functions on X. The last assertion is easy to justify. Indeed, regard X as an algebraic subset of C n for some n. Since X is a Stein submanifold of C n , every holomorphic function on X extends to a holomorphic function on C n [4, p. 245, Theorem 18], and the latter can be uniformly approximated by polynomial functions on C n . Thus the assertion follows.
By the Riemann-Roch theorem, there exists a regular function µ : X → C with µ −1 (0) = B, where B is a finite set containing A. Set λ = µ s , and choose a positive integer r such that j r λ(a) = 0 for all a in B (in particular, r > s). Choose a regular function ϕ : X → C with j r ϕ(a) = j r f (a) for all a in B. Then (f − ϕ)/λ is a holomorphic function on U , and therefore we can find a regular function ψ : X → C satisfying
for all a in B.
Lemma 2.5. Projective n-space P n has property (X) for every nonsingular algebraic curve X.
Proof. The conclusion follows from Lemmas 2.2 and 2.4, and the fact that every rational map from X into P n is regular. We shall now begin the preparation for the proof of Theorem 1.3. Given a set X, an Abelian group A, a positive integer n, and a map f : X → A, we let f (n) denote the map from the Cartesian n-fold product X n into A defined by f
Lemma 2.7. Let X be a nonsingular algebraic curve, let U be an open subset of X, and let x 0 be a point in U . Let f : X → A be a regular map satisfying f (x 0 ) = 0, where A is a simple Abelian variety. Then there exists a positive integer n X,U such that for every integer n ≥ n X,U , one has either
Proof. Without loss of generality, we may assume that X is projective. Let g be the genus of X.
If g = 0, then f (X) = {0} [1, p. 84] , and hence the conclusion follows with n X,U = 1.
Suppose now that g ≥ 1. Let J be the Jacobian variety of X and let µ : X → J be the canonical regular map corresponding to x 0 (in particular, µ(x 0 ) = 0). It follows from the universal property of (J, µ) that there exists a morphism of Abelian varieties ϕ :
It is well known that µ (g) (X g ) = J (cf. [3, Theorem 21 .9]), and hence µ (g) (U g ) contains a nonempty open subset G of J. Since J is a complex torus, there exists a positive integer k such that the sum G + . . . + G, with k terms, is equal to J. Set n X,U = kg and let n be an integer, n ≥ n X,U . By construction, µ (n) (U n ) = J. The conclusion follows since 
